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Abstract. – We study theoretically the effects of confinement on active polar gels such as the
actin network of eukaryotic cells. Using generalized hydrodynamics equations derived for active
gels, we predict, in the case of quasi one-dimensional geometry, a spontaneous flow transition
from a homogeneously polarized immobile state for small thicknesses, to a perturbed flowing
state for larger thicknesses. The transition is not driven by an external field but by the activity
of the system. We suggest several possible experimental realizations.
Introduction and statement of the problem. – Active materials are a challenging class
of systems driven out of equilibrium by an internal or an external energy source. Many
examples of active systems are provided by the biological world such as self–propelled particle
assemblies in bacterial colonies, or the membrane or the cytoskeleton of eukaryotic cells [1].
The cell cytoskeleton is a complex network of long filamentary proteins (mostly F-actin,
microtubules and intermediate filaments) interacting with a variety of smaller proteins [2]
which can, among other things, crosslink or cap the filaments. A well studied class of proteins
interacting with actin and microtubules are motor proteins, myosin, kinesin or dyneins. These
proteins use the chemical energy of Adenosinetriphosphate (ATP) hydrolysis to ”walk” along
the filaments, and exert stresses that deform the filament network [3,19]. The active properties
of the cytoskeleton play a crucial role in most for cell functions such as intracellular transport,
motility and cell division.
Many efforts towards understanding the mechanical properties of the cytoskeleton have
focused on the description of its passive visco-elastic properties which are well understood in
terms of a gel built by cross-linked semi-flexible polymers [17, 18]. More recently, Kruse et
al. [15,16] have proposed a generalized hydrodynamic theory based on conservation laws and
symmetry considerations, to describe macroscopically active polar gels. A typical example
is given by the network of actin cytoskeletal filaments in the presence of myosin II motor
proteins which generate active processes by hydrolyzing ATP. Since cytoskeletal filaments are
structurally polar (with a + and - end), each filament locally defines a unit vector. The
filamental structure gives rise on large scales to a macroscopic polarity if the filaments are on
average aligned.
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Experiments, numerical simulations and analytical descriptions, have shown that the cell
cytoskeleton has a rich and complex mechanical behavior [3–7, 9, 12, 19]. In particular, self-
organized patterns, including asters, vortices, and rotating spirals have been observed as a
function of motor and ATP concentrations in a two-dimensional geometry [3], and have been
recently reproduced theoretically [8, 15].
It is well known that boundary effects can play a very important role in the formation
of self-organized patterns. Here, we use the generalized hydrodynamic description of Ref.
[15, 16] to study analytically the effect of confinement of active polar gels confined between
two parallel surfaces for various kinds of boundary conditions (free, no–slip, mixed and active).
We predict a ”Frederiks–like” flow transition from a homogeneously polarized immobile state
for small thicknesses, to a inhomogeneous flowing state for larger thicknesses. This transition
is reminiscent of the classical Frederiks transition in thin nematic liquid-crystal films since
the system switches from a homogeneous to a non homogeneous polarization state. However
there are two important differences, the transition in active polar gels does not require any
external field and the non homogeneous active state is mobile. The critical length at which
the transition occurs is monitored by the active stress proportional to the ATP/ADP chemical
potential difference ∆µ. An experimental study of this spontaneousflow transition could give
access to the active parameters of the actin-myosin cytoskeleton.
We now expose briefly the model in 2 dimensions, following Ref. [15, 16]. The network
of actin filaments has a macroscopic polarity described by a unit vector polarization field
p = (cos θ, sin θ) (see Fig.1). The associated polarization free energy is given by the standard
expression for a polar liquid crystal [20] :
F =
∫
dxdy
[
K1
2
(∇ · p)2 + K3
2
(∇× p)2 − 1
2
h‖p
2
]
(1)
where K1 = K and K3 are the splay and bend elastic moduli. Note that there is no twist
free energy in 2 dimensions, and that we do not write here the spontaneous splay term k∇ ·p
allowed by polar symmetry. This term is equivalent to a surface free energy of the form
k(p · n) (n being the unit vector normal to the surface). In the strong anchoring limit, this
term is small compared to the anchoring energy that could be written as k′(p · n)2 with a
large energy k′ → ∞. In this strong anchoring limit, the elastic free energy is the same as
that of a classical nematic liquid crystal and specific polarity effects only show up in the
dynamical equations 2, 3 below. In the case of weak anchoring, the spontaneous splay could
become dominant; as it does not allow for a state of uniform polarization, it would exclude
the transition described at length in this paper. The Lagrange multiplier h|| is introduced in
order to satisfy the constraint p2 = 1. The molecular field, conjugate to the polarization is
given by hα = −δF/δpα; in the following, we use its parallel and perpendicular coordinates
(h‖, h⊥) in the local frame linked to the polarization p.
The gel motion is described by the velocity field v or the strain rate tensor uαβ = (∂αvβ +
∂βvα)/2. The vorticity tensor ωαβ = (∂αvβ − ∂βvα)/2 is its antisymmetric counterpart. We
assume here that the gel is incompressible. The gel is driven out of equilibrium by a constant
chemical potential difference ∆µ between ATP and its hydrolysis products. We consider here
a visco-elastic gel which has a liquid behavior at long time scales. In a steady state, the
gel behaves as a Newtonian liquid and its elasticity is irrelevant. The case of active nematic
elastomers would lead to a different behaviour not described by our theory, as the classical
Frederiks transition in these materials is very different from that of usual nematic liquids [11].
The linear generalized hydrodynamics equations for an incompressible active polar gel, at long
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Fig. 1 – quasi–1d confined geometry
time scales, read [15, 16]:
2ηuαβ = σαβ + ζ∆µpαpβ − ν
2
(pαhβ + pβhα) +
1
2
(pαhβ − pβhα) + ζ¯∆µδαβ (2)
Dpα
Dt
=
1
γ
hα + λpα∆µ− νuαβpβ (3)
where we have used the corotational time derivative of the vector pα,
D
Dt
pα =
∂pα
∂t
+(vγ∂γ)pα+
ωαβpβ . The full derivation of these constitutive equations is given in [16] and will not be dis-
cussed here. The rotational viscosity γ and the coupling constant between flow and polariza-
tion ν are standard liquid crystal parameters [20]. The active contributions to the mechanical
stress and to the rate of variation of the polarization are proportional to ∆µ and are charac-
terized by the coefficients ζ, ζ¯ and λ. We limit here the theory to linear order in the activity
and we neglect the geometric non-linearities introduced in [15, 16]. The diagonal active term
proportional to ∆µδα,β contribute to the absolute value of the pressure in an incompressible
gel.
This set of constitutive equations is completed by the force balance equation: ∂α(σαβ −
Πδαβ) = 0; locally, there are two forces acting on the gel, the deviatory stress tensor σαβ and
the pressure Π that insures the incompressibility of the gel.
Spontaneous flow transition. – We now look for the stationnary states of an active film
in a confined geometry: we assume that the system is translationally invariant along the
y direction and that the gel is confined between x = 0 and x = L. We consider several
hydrodynamic boundary conditions. As discussed above, in the strong anchoring limit the
polarization orientation is strictly defined on the confining surfaces. For simplicity, we only
consider here the planar anchoring where the polarization at the confining surfaces is parallel
to the y direction, θ = pi
2
. Similar results are obtained for an homeotropic anchoring, θ = 0.
The symmetry of the problem implies that vx = const = 0, and that the transverse
component of the stress tensor σxy is constant (the force balance imposes that ∂xσxy = 0).
The perpendicular component of the molecular field is h⊥ = K∂
2
xθ. This relation is exact if
K1 = K3 = K, and only valid for small values of θ − π/2 if K1 = K 6= K3. In this slab
geometry, the constitutive equations for the gel motion are rewritten as
2ηu =
σyx + σxy
2
+
ζ∆µ
2
sin 2θ − ν
2
(h‖ sin 2θ + h⊥ cos 2θ);
σxy − σyx
2
+
h⊥
2
= 0 (4)
where for simplicity we have denoted u ≡ uxy. In turn, the polarization equation 3 gives
uν sin 2θ =
h‖
γ
+ λ∆µ; u(ν cos 2θ − 1) = h⊥
γ
(5)
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Hydrodynamic free boundary conditions. – We first consider a free standing film where
the gel slides freely on the confining surfaces. The transverse stress σxy(x) vanishes since
σxy(x = 0) = σxy(x = L) = 0. With this boundary condition, equations 4,5 can be recast
into a differential equation for the angle θ giving the polarization orientation:
∂2xθ =
ζ˜∆µ sin 2θ(ν cos 2θ − 1)
K[4 η
γ
+ ν2 − 2ν cos 2θ + 1] = Φf (θ) (6)
with ζ˜ = ζ + νγλ. Here we assume ζ˜∆µ < 0, which has been shown to be the case gener-
ating self–motion of point–like defect in Ref. [15]. A full understanding of the microscopic
origin of the penomenological couplings ζ, λ is still missing. However, it is known experimen-
tally [13] that for the actin-myosin gels forming the cell cytoskeleton, the stress is contractile
corresponding to ζ∆µ < 0 (a contractile effect requires a positive stress σαβ , all other terms
being zero in Eq.2). The contractility has also been reproduced by microscopic models [9].
Eq. 3 suggests that λ∆µ must be positive in order to account for the self–alignement effects
such as the zipping effects observed in [14]. The effective potential Vf associated to the force
Φf (θ), Vf = −
∫
Φf (θ)dθ, can be expanded around the value imposed by the anchoring on
the confining surfaces, θ = π/2 + ǫ:
Vf (θ) = Vf (π/2)− ζ˜∆µ(ν + 1)
K(4η/γ + (ν + 1)2)
ǫ2 + o(ǫ2) = Vf (π/2) +
ǫ2
ℓ2
+ o(ǫ2) (7)
Following the standard argument for nematic liquid crystals [20], if the length ℓ defined by
Eq.7 is real (i.e. if the effective active stress is actually contractile ζ˜ < 0 ), the system exhibits
a continuous spontaneous flow transition at constant activity for a critical size Lc = ℓπ/
√
2,
or equivalently at constant thickness for a critical activity
∆µc =
π2K(4η/γ + (ν + 1)2)
−2L2ζ˜(ν + 1) (8)
For L < Lc (or ∆µ < ∆µc), the system is dominated by anchoring effects and the orientation
of the polarization is constant θ(x) = π/2, whereas for L > Lc ( ∆µ > ∆µc) the polarization
is tilted in the bulk down to a minimum angle θmin = θ(L/2) < π/2. We recall that close
to threshold, L ∼ LC , the tilt amplitude is ǫ(x) = ǫm sin(xπ/L) with ǫm ∝
√
L− Lc or
ǫm ∝
√
∆µ−∆µc.
The flow field can be calculated at linear order in ǫm from the velocity gradient u =
(ζ˜∆µ sin 2θ)/(4η+γ(ν2−2ν cos 2θ+1)). We choose here the integration constant (the velocity
at the midplane) in such a way that the total net flow vanishes (see Fig2a):
vy =
4Lζ˜∆µǫm cos(xπ/L)
π(4η + γ(ν + 1)2)
. (9)
In the case of an infinite system along the x direction, the polarization reaches the minimum
tilt angle defined by cos 2θmin = 1/ν when |ν| > 1. If |ν| < 1 the angle decreases to zero. Note
that when ν = 0 the problem can be mapped exactly onto the original Frederiks problem for
any angle value and K1 6= K3. As opposed to a liquid crystal in an externally imposed shear
flow, there is no flow tumbling here because the transverse stress σxy vanishes. One can check
directly by plotting the effective potential Vf (θ) that the state θ = 0 is stable.
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Hydrodynamic no-slip boundary conditions. – For solid confining surfaces when the gel
does not slide on the walls, vy(x = 0) = vy(x = L) = 0. The equation for the polarization
angle θ is in this case:
∂2xθ =
(ζ˜∆µ sin 2θ + 2σxy)(ν cos 2θ − 1)
K[4η/γ + ν2 − 2ν cos 2θ + 1] = Φns(θ) (10)
At linear order in the polarization tilt, the polarization equation reads
∂2xǫ =
2(ν + 1)
K[4η/γ + (ν + 1)2]
(ζ˜∆µǫ − σxy) (11)
and the polarization angle is given by
ǫ =
σxy
ζ˜∆µ
(
1− cos(πx/Lc)− tan( πL
2Lc
) sin(πx/Lc)
)
(12)
If σxy were different from 0, there would be no spontaneous flow transition. However, we
can show that in the low activity regime σxy = 0. Indeed when the activity ∆µ is small, the
tilt angle ǫ is small. One can then directly check using equation 12 that the velocity gradient
does not change sign for any constant value of σxy 6= 0. This is incompatible with the no-slip
boundary conditions and necessarily σxy = 0. In turn the polarization remains uniform. For
larger ∆µ a spontaneous flow transition is reached.
In the vicinity of the spontaneous flow transition, the maximum tilt angle is small and one
can again linearize the polarization equation. The polarization tilt ǫ is then given by equation
12. The integration of the velocity gradient with the boundary condition vy(x = 0) = 0 leads
to
vy =
4σxyLc
π(4η + γ(ν + 1)2)
(
sin(πx/Lc)− tan( πL
2Lc
)(cos(πx/Lc)− 1)
)
(13)
The boundary condition vy(L) = 0 can be satisfied only if L = 2Lc. The spontaneous flow
transition occurs therefore at L = 2Lc, or equivalently at ∆µ = 4∆µc (see Fig2b).
Above threshold, the tilt cannot be considered as small and a full non-linear analysis is
required. As in the previous case, close to the transition, the maximum tilt angle and the
transverse stress σxy scale like σxy ∝ ǫm ∝
√
L− Lc.
Hydrodynamics mixed boundary conditions. – The easiest experimental conditions are
that of a film on a solid plane with a free surface (vy(x = 0) = 0, σxy(x = L) = 0). As the
stress vanishes everywhere, the polarization field is the same as for a free standing film with
free boundary conditions. The transition threshold is given by Eq. (8). In this case a finite
gel flux Q is generated above threshold
Q =
∫ L
0
vydx = − 4Lζ˜∆µ ǫm
π[4η + γ(ν + 1)2]
. (14)
with ǫm = −
√
2π(L− Lc)/Lc. The velocity profile is sketched on figure 3. This provides a
striking example of self-generated motion that could be observed in an annular geometry. The
Fredericks transition could further play a role in lamellipodium motility [1].
For completeness, we also study the case where the slip is different on the two surfaces:
vy(x = 0) = µσxy; vy(x = L) = −µ′σxy. This could perhaps be realized experimentally
by inserting a liquid film between the gel and a solid confining surface and working with
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Fig. 2 – Quasi–1d geometry: a) with free slip domain walls. The system displays a spontaneous
flow transition for L > Lc. b)with no-slip domain walls. The system displays a spontaneous flow
transition for L > 2Lc
homeotropic boundary conditions (θ = 0). There is, in this case, a spontaneous flow transition
at a thickness L such that Lc < L < 2Lc given by
tan(
πL
2Lc
) = −π(µ+ µ
′)(4η + γ(ν + 1)2)
8Lc
(15)
If the boundary conditions are asymmetric (µ 6= µ′), the transition leads to the apparition of
a finite gel flux in the direction y parallel to the confining surfaces.
Active boundary conditions. – Active boundary conditions can be generated by confining
the gel between two planar surfaces coated with molecular motors. The motors impose a finite
gel velocity on the surfaces. If the confining surfaces are identical, the velocities on the two
surfaces are equal; this is equivalent to no-slip boundary conditions with a constant drift at
the motors velocity. If the two velocities imposed by the motors are different, there is always a
finite shear stress σxy and a finite tilt of the polarization: there is no continuous spontaneous
flow transition in this case.
x
y
x
0
p
vy
Lc<L
Fig. 3 – A gel lying on a solid substrate and the associated flow
Concluding remarks. – In this letter we predict a spontaneous Frederiks–like transition
in active polar materials confined in one dimension: for small thicknesses or small activity,
boundary effects are prevailing and the gel remains in an unperturbed, static, homogeneous
state. Above a critical thickness or a critical activity, a polarization tilt appears and the
system flows. The transition depends strongly on the very nature of the boundary conditions
imposed by the confinement: homeotropic or planar anchoring are necessary, and the threshold
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value depends on the nature of the hydrodynamic boundary conditions. Interestingly, for
asymmetric active boundary conditions, there is no continuous transition.
A detailed experimental study of the transition, using for instance actin-myosin gels in
micro-channels is very promising. A measurement of the transition threshold will give direct
access to the effective active stress ζ˜∆µ. The two-fold aspect of the transition, involving
both dynamical and polarization properties should allow for various methods of visualization
coming either from liquid crystal physics or from micro-fluidics. We are not aware at the
moment of any quantitative measurement of these active stresses that would be essential
to give a proper mesoscopic description of active actin gels. More generally, any geometry
where anchoring imposes a non uniform polarization field in an active gel would lead to
a hydrodynamic flow driven by the activity because of the couplings between polarization,
activity and flow. A careful choice of the geometry and of the anchoring conditions could then
allow for a determination of the various active coefficients of the gel (ζ, λ) as well as that of
the more standard liquid crystalline parameters (ν,γ).
Our results are remarkable in the sense that they predict a spontaneous flow transition in
the absence of any external field. This opens the way to a quantitative characterization of
this new class of materials. We think that the understanding of this physics will prove to be
useful in the study of the cell cytoskeleton. In particular, lamellipodia share several features
with a polar active gel slab.
∗ ∗ ∗
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realizations of the spontaneous flow transition in active polar gels.
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